This paper deals with experimental investigation of the lined wall boundary condition in flow duct applications such as aircraft engine systems or automobile mufflers. A first experiment, based on a microphone array located in the liner test section, is carried out in order to extract the axial wavenumbers with the help of an "high-accurate" singular value decomposition Prony-like algorithm. The experimental axial wavenumbers are then used to provide the lined wall impedance for both downstream and upstream acoustic propagation by means of a straightforward impedance education method involving the classical Ingard-Myers boundary condition. The results show that the IngardMyers boundary condition fails to predict with accuracy the acoustic behavior in a lined duct with flow. An effective lined wall impedance, valid whatever the direction of acoustic propagation, can be suitably found from experimental axial wavenumbers and a modified version of the Ingard-Myers condition with the form inspired from a previous theoretical study [Aurégan et al., J. Acoust. Soc. Am. 109, 59-64 (2001)]. In a second experiment, the scattering matrix of the liner test section is measured and is then compared to the predicted scattering matrix using the multimodal approach and the lined wall impedances previously deduced. A large discrepancy is observed between the measured and the predicted scattering coefficients that confirms the poor accuracy provided from the IngardMyers boundary condition widely used in lined duct applications.
I. INTRODUCTION
While acoustic liners are extensively used in engineering applications such as aircraft engine systems or automobile mufflers, the acoustical behavior of such systems in the presence of a grazing flow is still a challenging subject due to the complexity of the interaction between sound and flow in the boundary layer over the lined wall. It is often suitable to compute the acoustical propagation by assuming that the flow is potential and to take into account both the effect of the boundary layer (in which large flow velocity gradients and viscothermal and turbulent effects occur) and the effect of the lined wall in the boundary condition of the computation. 1 In this case, it is classically admitted that the acoustic normal displacement and acoustic pressure are continuous across the boundary layer leading to the Ingard 2 -Myers 3 boundary condition. This condition has been widely used in the literature over the past decades. [4] [5] [6] [7] Specifically, this condition was used in the computations to deduce the impedance from acoustical measurements. [8] [9] [10] [11] [12] Nevertheless, Aurégan et al. 13 and more recently Brambley 14 pointed out that the viscous and turbulent effects near the wall can alter this boundary condition. They demonstrate that the continuity of normal displacement holds only when the acoustic boundary layer thickness is much smaller than the stationary layer thickness, i.e., typically in the high frequency range. At very low frequencies, continuity of mass velocity normal to the lined wall must be applied instead.
Inspired by these theoretical works, this paper mainly aims to provide experimental evidence of the inaccuracy of the results issued from the use of the Ingard-Myers condition in lined duct with uniform flow. The failure of IngardMyers condition is observed both from the measurement of axial wavenumbers in the lined duct section and from the scattering matrix.
To this end, experiments were carried out in a duct partly lined with a standard locally reacting liner submitted to a grazing flow. The experimental apparatus is outlined in Sec. II where the measured flow profile is presented. This experimental setup allows the extraction of the experimental axial wavenumbers in the liner test section by means of a linear microphone array located at the upper wall opposite the liner. This setup also allows the measurement of the scattering matrix.
The identified axial wavenumbers related to the least attenuated modes are used in Sec. III to derive the liner impedances in both downstream and reverse flow configurations. To this aim, the mean flow is supposed to be uniform and the Ingard-Myers boundary condition is applied. Significant discrepancies are observed between results in the flow direction and in the reverse flow direction. This invalidates the use of the Ingard-Myers condition associated with uniform flow in our case. Afterward, a modified Ingard-Myers condition (MIMC) is proposed that leads to define an effective lined wall impedance valid for both propagation directions. Section IV describes a multimodal method 9 used to a) Author to whom correspondence should be addressed. Electronic mail: yves.auregan@univ-lemans.fr predict the scattering matrix of the liner test section. Finally, a comparison is made between the measured scattering matrix and the predicted multimodal scattering matrix using the Ingard-Myers condition associated with uniform flow. Again significant differences are observed.
II. EXPERIMENTS A. Experimental apparatus
The test facility (see Fig. 1 ) used for experiments is described in this section.
The apparatus allows acoustic propagation in a rectangular duct superimposed to a grazing flow over an acoustic liner. At each end of the duct, acoustic sources and anechoic terminations are found. According to the duct dimensions, only two acoustic modes are propagating through the duct: the plane wave and the first order mode along the width of the duct. Due to the centered positioning of the microphones (in the width of the duct), only the plane waves are measured.
Two configurations of microphones are settled in the duct for the following purposes. The scattering matrix is measured by means of 2 Â 4 flush mounted microphones in the lower hard wall downstream and upstream of the liner test section, respectively. It follows that the transmitted and reflected waves can be determined with over-determination to avoid inaccurate measurement when the acoustic wavelength is close to half the distance between two microphones. On the other hand, the axial wavenumbers are measured in the liner test section thanks to an array of 11 flush mounted microphones (denoted l m with m ¼ 1,…, M in Fig. 1 ). These microphones are evenly distributed along the x axis spaced out by 2 cm on the hard wall opposite to the acoustic liner.
The acquisition of signals is performed by an Agilent VXI 1432 hardware platform that drives the source excitation synchronously with the acoustic pressure signals recording. A stepped-sine over the frequency range [500-3000] Hz is used with a frequency increment of 10 Hz and a sampling rate of 8192 Hz. A least mean square amplitude and phase estimator is implemented under MATLAB for the post-processing of data.
Experiments were carried out on a conventional acoustic liner widely used in aircraft engine-duct systems (a so-called single degree of freedom liner). This acoustic device is composed of a resistive layer performed by a perforated plate of thickness 1.2 mm with orifices of diameter 1.3 mm and a percent open area of 10.5%. The plate is glued to partitioned air cavities (honeycomb structure) with a depth of 37.5 mm (the cell size is 10 mm). This compound is terminated by a rigid backplate. The dimensions of the sample are 200 mm along the x axis and 100 mm along the z axis.
B. Flow profile in the test duct
The mean flow profile is measured in the test duct by means of a 1 mm diameter pitot tube with EFFA GA064A5-20 static pressure transducer (range 0-20 mbar). The experimental flow velocity is depicted in Fig. 2 
À5 m 2 s À1 the kinematic viscosity of air at 20 C. The limit between the laminar sublayer and the logarithmic zone is found to be d þ ¼ 11, i.e., y % 0.052 mm. For M 0 ¼ 0.2, the mean Reynolds number is given by R e ¼ U 0 h=v ¼ 6. The method outlined in the following text refers to the well-known Kumaresan and Tufts 16 (KT) approach, which is slightly modified for our application. Here the aim is to estimate the axial wavenumbers k 0 þ (respectively, k 0 À ) corresponding to the least attenuated waves propagating through the liner test section in the downstream (respectively, upstream) direction with the presence of a grazing flow by the use of microphone array. 17 k 0 þ is extracted from the measurement with an active upstream source (the downstream source is turned off) and k 0 À from the measurement with an active downstream source (the upstream source is turned off).
According to the modal decomposition in a 2D duct, the pressure field at the hard upper wall opposite to the lined wall reduces to
where k n 6 are the axial wavenumbers in the liner test section, b n 6 are the complex waves amplitudes,
is the location along the upper wall where the pressure p m ¼ p(x m , y ¼ 1) is measured, and M is the number of microphones mounted flush at the inner surface of the upper wall in the liner test section.
From now on, the dimensionless form of the quantities of interest are introduced according to
wherein the superscript 0 symbol denotes the quantities without dimension, h is the transverse size of the duct, q 0 and c 0 are the density of fluid and the velocity of sound, respectively, and x is the angular frequency of sound. In the following, 0 is dropped for convenience. Equation (3) can be put in a compact parametric model form
a n s mÀ1 n ; m ¼ 1; :::::; M:
The method outlined below consists in identifying the axial wavenumbers k 6 from the poles s n ¼ e
Dx via the KT algorithm.
Choosing a parameter K (it can be found in the literature 18 that choosing K ¼ 3M/4 provides the more optimized results, which is assumed to be also the case in our applica- 
c n H l mþn l ref (6) and are reduced to a matrix form equation
where
The vector of the prediction coefficients c is determined such as
where A † is the pseudo-inverse of A and A H denotes the conjugate transpose of A.
The singular value decomposition of A leads to
T is the vector of the singular values arranged in the decreasing order. U and V are the left and right singular vectors, respectively.
The basic idea underlying the KT method is to reduce the measurement noise by considering the reduced rank approximation of A such that
Then an estimate of the prediction coefficients is given by
The resolution of the characteristic equation (see the Appendix)
provides the roots z n ¼ 1/s n with s n the poles of Eq. (5). The roots that lie outside the unit circle in the complex z-plane correspond to physical modes, whereas the roots that lie inside the unit circle are due to extraneous noise or spurious modes.
D. Method for the measurement of the acoustic scattering matrix
The
where T þ and T À are the anechoic transmission coefficients, R þ and R À are the anechoic reflection coefficients, and the subscripts i and o indicate the inlet and the outlet of the liner test section, respectively (see Fig. 1 ). The scattering matrix is measured in a similar manner as described by Aurégan et al. 9 and is referred to as the two-source method.
III. ANALYSIS OF RESULTS OBTAINED FROM THE AXIAL WAVENUMBERS IN THE LINED DUCT TEST SECTION A. Analysis of results with the Ingard-Myers boundary condition
Assuming a locally reacting liner, its impedance Z w is expressed as
wherein n is the outward normal vector pointing into the wall and t w is the acoustic velocity at the lined wall. As there is no mean flow at the wall, t w is linked to the acoustic displacement n w at the wall by
Assuming a thin shear layer close to the lined wall, the acoustic normal displacement as well as the acoustic pressure can be considered constant across the boundary layer. Then, the transverse kinematic condition is written as
where t e and n e denote the velocity and the displacement just above the thin boundary layer. When e !0, then t(x,y ¼ 0) Á n ! t e Á n and p(0) ! p e ¼ p w leading to the lined wall boundary condition . For a uniform mean flow, substituting the pressure in the convected wave equation leads to
The transverse 
These equations give an explicit relation between the unknown impedance Z w of the lined wall and the measured axial wavenumbers k in the lined duct test section. For the sake of accuracy, the lined wall impedance is calculated only with the axial wavenumbers of the least attenuated waves, namely, k 0 þ and k 0 À . The latter are shown in Fig.  3(a) for M 0 ¼ 0 and in Fig. 3(b) for M 0 ¼ 0.2 (for clarity, k 0 þ is compared to Àk 0 À ). They correspond to the predominant modes in the duct, traveling in downstream and upstream directions (in the flow direction and in the reverse direction of the flow, respectively).
Hence the measurement with active upstream source (while the downstream source is switched off) provides the lined wall impedance denoted Z I derived from k 0 þ , and the measurement with active downstream source (while the upstream source is switched off) provides Z II derived from k 0 À . The real and imaginary parts of the lined wall impedances Z I and Z II are depicted in Fig. 4 (a) for M 0 ¼ 0 and in Fig.  4 
Without flow, the two impedance curves are close as one can expect. At M 0 ¼ 0.2, a large discrepancy occurs between the two curves.
Clearly the fact that two different values of the impedance are obtained for two different directions of the propagation is incompatible with the model used. Thus the use of the Ingard-Myers boundary condition associated with uniform flow is not satisfactory with our measurements. Accordingly, these assumptions cannot be applied to deduce accurately the impedance. It may be noted that this phenomenon could not be observed by other experimentalists because they only use one upstream source. From this theoretical analysis, the transverse kinematic condition [Eq. (18)] is modified as
When b v ¼ 0, Eq. (23) recovers the classical Ingard-Myers boundary condition, i.e., the continuity of normal acoustic displacement, whereas b v ¼ 1 yields to the continuity of acoustic mass velocity. The previous relation leads to a modified Ingard-Myers boundary condition (MIMC) expressed as 
The parameter b v is obtained by constraining the modified Ingard-Myers boundary condition to give a unique effective lined wall impedance Z eff , valid whatever the direction of wave propagation. Thus k 0 þ and k 0 À experimentally determined, are introduced into Eq. (25)
are determined with the help of Eq. (21) After elimination of the unknown impedance Z eff in the previous equations, one readily finds the factor b v given by
with
The real and imaginary parts of the experimental parameter b v , derived from Eq. (26) with the use of the experimental wavenumbers in the lined duct test section, is denoted b v exp from now on. This latter is depicted in Fig. 5 for M 0 ¼ 0.2. It can be observed that the real part of the experimental factor b v exp is decreasing as the frequency increases. This result fits with the theoretical analysis given by Aurégan et al. 13 The modified boundary condition tends to recover the Ingard-Myers boundary condition in the high frequency range.
The value of b v exp is used in Eqs. (21) and (25) to obtain the effective lined wall impedance denoted Z eff accounting for the modified version of the Ingard-Myers boundary condition. The resulting effective lined wall impedance Z eff is presented in Fig. 6 conjointly with Z I and Z II .
IV. ANALYSIS OF RESULTS OBTAINED FROM SCATTERING MATRICES
A second measurement, independent of the measurement used in previous section, has been made. It consists in the measurement of the scattering matrix. [9] [10] [11] This measurement is compared with the scattering matrix computed for a uniform mean flow and Ingard-Myers condition either with Z I or Z
II
. The multimodal method used to predict the scattering matrix is briefly outlined in the following text. The reader is invited to refer to a previous paper for complete details. 9 A. The predicted scattering matrix using the multimodal method
The problem of acoustic propagation in a 2D channel with uniform flow is here described in term of displacement potential, denoted /. Without incident vorticity, the displacement potential obeys to the 2D convective wave equation
is the convective derivative.
At the rigid walls, the normal acoustic velocity vanishes. This could be expressed in term of acoustic displacement potential as
At the lined wall of the duct, the Ingard-Myers boundary condition is
Here the acoustic displacement potential is preferred to the acoustic pressure because of the regularity of / near an abrupt change in wall impedance contrary to the pressure p ¼ ÀD 2 /=Dt 2 , which is then singular in this case. 9 Using the pressure variable, some specific mode-matching method is needed at the rigid-soft wall interfaces. 7 For the sake of simplicity, the scattering matrix denoted S / is first computed with displacement potential formulation, and then the scattering matrix S is computed in term of pressure variable afterward. Using the multimodal approach as described in Ref. 9 , the scattering matrix relates the vector amplitude of the incoming waves (denoted A 1 and B 4 in Fig. 7) to the vector amplitude of the outcoming waves (denoted B 1 and A 4 in Fig. 7 ) upstream and downstream of the lined duct test section as
In this paper, we are interested only by the reflection and transmission coefficients for the plane waves upstream and downstream of the lined duct test section given by
where 2N total modes are considered (N upstream propagating modes and N downstream propagating modes). It should be noted that the separation of the upstream and downstream propagating modes has to be done with care (usually given by the imaginary part of the wavenumbers) because some hydrodynamic (or unstable) modes can exist. Then the coefficients of the scattering matrix in term of acoustic pressure for the plane waves are easily retrieved from
Comparison between the measured and the predicted scattering matrix computed with the conventional Ingard-Myers boundary condition
The multimodal scattering matrix with a number of 50 modes (N ¼ 25 downstream modes and N ¼ 25 upstream modes), which is enough to ensure the convergence of the scattering coefficients (with converged error <1%), is computed according to the method briefly outlined in the previous section with a lined wall impedance value such that Z w ¼ Z I and Z w ¼ Z 
accuracy limit of the acquisition system (which nevertheless permits measurement of an attenuation up to 70 dB). If the value Z eff is used instead (this approach is not in coherence with the assumptions made for the calculation, i.e., the use of Ingard-Myers condition associated with a uniform flow), there is not a good agreement on all the coefficients especially the reflection coefficients.
Again, those results show that the uniform flow assumption associated with the use of Ingard-Myers condition is inadequate to predict measurements for both downstream and upstream results.
V. CONCLUSION
In this paper, two different experiments were performed with a conventional perforated liner widely used in aeronautical applications. Both show the inadequacy of using a uniform mean flow assumption associated with the classical Ingard-Myers boundary condition. From these experimental results, the use of the Ingard-Myers condition in small ducts, like the duct used in this study and more generally in the ducts used in the impedance eduction techniques, seems to be questionable.
The possibilities to this work are numerous. Experiments have been carried out with only one acoustic liner and for a unique flow rate. More experiments on different linings with different flow boundary layer thicknesses are needed to provide benchmark data concerning the b v factor. Furthermore, a mathematical analysis is also required concerning the behavior of the MIMC in terms of stability, causality, etc. Last, the introduction of the MIMC in the duct acoustic models leads also to a modified mode-matching scheme that has to be developed. This is the recursive relation equivalent to Eq. (6) by replacing N by K the prediction order chosen such that min (M À K, K) ! N.
The roots of Eq. (A3)
c n z n ; (A12) provide the poles s n ¼ 1/z n . Equation (A12) is similar to Eq. (14) , considering the summation with upper bound K instead of N, without loss of generality.
